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It is shown that a Dirac bracket algebra is isomorphic to the origi- 
nal Poisson bracket algebra of first class functions subject to first class 
C^. constraints. The isomorphic image of the Dirac bracket algebra in the 

(— I I star-product commutator algebra is found. 



1. Almost all the schemes of quantization of dynamical systems with second class 
' constraints are based on conversion of original constraints into first class ones. In the 

Dirac bracket approach this conversion is achieved by modification of Poisson brackets. 
In the BRST method one introduces auxiliary variables and constructs the BRST charge 
which is first class. Auxiliary variables are also used in the conversion scheme of ||]. 

In this paper we present the approach where second class constraints are converted into 
first class ones without using modification of Poisson brackets or auxiliary variables. We 
construct the algebra with respect to the original Poisson bracket which is isomorphic to 
the Dirac bracket algebra. It is a quotient of the Poisson bracket algebra of first class 
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functions. This algebra is singled out by covariant conditions and includes only first class 
constraints. 

A Dirac bracket algebra can be treated as the original Poisson bracket algebra of the 
functions on constraint surface ^, |5| (see also Q and references therein ). However to 
apply this realization one needs to know a solution to constraint equations. 

The new realization enables us to replace quantization of the Dirac bracket algebras 
by quantization of first class functions subject to first class constraints. The latter seems 
to be more preferable. An operator version of this approach was used for quantization of 
two-dimensional coset conformal field theories . 

It is known (see for a review) that the Poisson bracket algebra is isomorphic to a 
quotient of the corresponding star-product commutator algebra. Using this fact and the 
connection between the Dirac and Poisson bracket algebras we obtain realization of the 
Dirac bracket algebra in terms of the star-product commutator algebra. 

We consider only systems with second class constraints bearing in mind that a system 
with first class constraints and gauge fixing is second class (see e.g. ^]). 

2. In this section we review the Dirac bracket approach |^ and introduce notations. 
Let Af be a phase space with the phase variables n = 1...2A^, and the Poisson bracket 



Let H{r]) be the original hamiltonian and ipj{ri),j ~ 1...2J, the second class constraints 



The dynamic of the system under consideration is described by the Hamilton equations 



d 



^1 = 0. 



(1) 




Here H'^ 



H + Xjifj. Functions Xj = Xj{ri) are defined by the equation 
|) one can write equations (|l]) as 



(2) 



Using §) 



d 



[r]n,H'^]D, 



(3) 




ipj = 0. 
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Here the Dirac bracket was introduced 

[9J]d = [gJ] - [g,fj]cjk['Pk,f], Cjk['Pk,'Pi] = Sji. 

Let A = C°° (M) be the algebra of smooth functions on AI. One can associate with A 
the Lie algebras Ap and A^ with the Poisson and Dirac brackets respectively. Let $ C A 
be the subspace of the functions which vanish on constraint surface 

^ — {u ^ A\u — Uj{ri)ipj}. 

For g ^ A 

[gi'f]]D = 0. 

From this it follows that for u e $, 5 e A 

[u.g]D e 

Hence $ is an ideal of Ad and the quotient Ad/^ is an algebra. 

It was observed by Dirac that equations can be written in the form 

^Vn~[Vn,H^]D (4) 

where f ~ g means that f — g ^ ^. 

Let {g} G A]j/^ be the coset represented by function g. Then equations (Q) can be 
rewritten as 

|{,y„} = {[,M,i/^]z,}. 



In Ad/^ 
and we get 



{[gJ]D} = [{g},{f}]D (5) 



J^{Vn} = [{Vn}AH}]D. (6) 



In what follows we shall use first class functions. is called a first class function 

i if 



3 



or, equivalcntly, 



[R,ipj] = rjk{r])ipk- (7) 

From equation (j^) it follows that is first class. It is known that first class functions 
form an algebra with respect to the Poisson bracket. We shall denote this algebra by H.. 

3. Let T be the space of the first class functions which vanish on constraint surface 

T = {u G Q,\u — Uj{'r])(pj}. (8) 
Using (0) and (||) for u G T, g £ il, we get 

[u,g]\^=o = 0. 
From this and definition (||) it follows 

[u,g]eT. (9) 

Hence T is an ideal of 0| and il/T is an algebra . 

At this stage we have two quotient algebras Ad/^ and fl/T. Our aim is to show that 
they are isomorphic. 

Let us define the linear function T : il/T ^ An/^ 

T{{9Y) = {g}. (10) 

Here {17}* G il/T is the coset represented by g. Since {.g}* C {g}, T does not depend on 
the choice of g G {.9}'. 

To each function g ^ A one can put into correspondence the first class function 

9^ 9 ~ [9,Vj]cjkVk- 
Let g' G {g} be a first class function. It can be written in the form 

9' ^9~ [9, f]]Cjkfk + VjLpj (11) 

where Vj = Vj{ri) are some functions. Substituting g' into the equation 

y.'PkWv^o = 0, 
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we obtain 

[vjipj,ipk]\v=o = 0. 



From this and equation ( |ll| ) it follows that each first class function g' from {g} is in 
{.9 ^ Vj\cjkfk]'- This allows us to define the inverse function T^^ : Ad/^ fl/T 

T-\{g}) = {g-[g,Vj]c,kV^k}'. (12) 

Thus we have shown that T defines the one-to-one correspondence between elements of 
n/T and Ad/<^. 

In order to show that T is a homomorphism let us compute T{[{g}' , {f}']). Using 
definitions of fi/T and T we have 

T([{gr, {/}•]) = r({[5, /]}•)- {[5,/]}. (13) 

Since g and / are first class, 

[g, fj] = 9jj' {v)^]' , [/, fk] = fkk' {v)fk' 

and 

[g, f]D = [g, f] + gjj'Vj'Cjkfkk'Vk'- 

From this it follows that the right hand side of (^3|) can be written as 

{[gJ]} = {[gJ]D}. (14) 

Using equation (^ and definition (^0|) we get 

{{gJh} = [{g},{f}]D = [Ti{gr),T{{f}')]D. (15) 

From equations (|l^)-(|l^) it follows that 

mgr,{fr]) = [Ti{gr),Ti{fr)]n m 

and hence T is a homomorphism. Since T is an invertible function, algebras Ajj / $ and 
n/T are isomorphic. 

Elements of T act in fl as constraints. Due to (|^), for m, u G T 

[u,v] e T. 
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Hence constraints T are first class. Thus we have shown that the Dirac bracket algebra 
Ad/^ is equivalent to the algebra of first class finctions subject to first class constraints 
T. 

Equation (|^) tells us that all the functions of SI are first class with respect to constraints 
T. From this it follows that the system under consideration is invariant with respect to 
the gauge transformations 

SuO = [u, g] 

where u G T, g G f2. 

According to (^2|) and (|l6| ) the image of the Hamilton equations (^) in fl/T is 

Here fjn = r]n ~ [rin,(pj]cjkipk- 

Let A = A[[A]]] be the space of formal power series in a variable A with coefficients in 
A. Let * be the star-product ^ 

oo 

g(A)*/(A)=5/ + ^A'=c,, (17) 

k=l 

where g{\) = g + Y.kLi >^''gk,f{X) = f + J2T=i fk and g, f, Ck,gk, fk e A. 
Using the *— product one defines the *— commutator algebra Ac 

oo 

[g, f]c = ^ (3(A) * /(A) - /(A) * 5(A)) = [5, /] + E ^'^fc' (18) 

k=l 

where bk € A. From the definition it follows that XAc is an ideal of Ac and Ac/XAc is the 
algebra which is isomorphic to the Poisson bracket algebra Ap. Let L : Ap A'^/XA'^ 
be the corresponding map. Then the isomorphic image of fi/T (and Ap)/^) in A'^/XA'^ is 
L{fl)/ L{T). Thus we have obtained the realization of the Dirac bracket algebra Ap/^ as 
a subalgebra of the *— commutator algebra A'^/XA'^. 

I wish to thank D.Sternheimer for usefuU correspondence. 
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